Abstract. By using the Schoenberg points as quasi-interpolatory points, we achieve both generality and economy in contrast to previous sets, which achieve either generality or economy, but not both. The price we pay is a more complicated theory and weaker error bounds, although the order of convergence is unchanged. Applications to numerical integration are given and numerical examples show that the accuracy achieved, using the Schoenberg points, is comparable to that using other sets.
Introduction
In several recent papers [1] [2] [3] [4] [5] Dagnino et al. studied the application of quasiinterpolatory (QI) splines to numerical integration. This class of QI splines, introduced in [6] , can be defined, starting with a positive integer p ≥ 2, the order of the spline space, a partition We shall assume throughout this paper that H n → 0 as n → ∞.
Let P p be the set of polynomials of order p, or degree ≤ p − 1; we define the spline space S p,πn by S p,πn := {g : g| (yjN ,yj+1 ,N ) ∈ P p , j = 0, . . . , N and g (i) (y Thus S p,πn is the class of polynomial splines of order p, with knots and boundary points y jN , j = 0, . . . , N + 1, of multiplicity d jN . Since d jN < p, j = 1, . . . , N, our splines will be continuous in [a, b] .
We say that the sequence of partitions {Y N } is locally uniform (LU) if there exists a constant A ≥ 1 such that (y i+1,N − y iN )/(y j+1,N − y jN ) ≤ A, for all 0 ≤ i, j ≤ N with |i − j| = 1 and for all N . We shall say that a sequence of spline spaces {S p,πn } is LU if the sequence of underlying partitions {Y N } is LU.
We consider in S p,πn the approximating splines Q n f of the form [6] (1)
in are the normalized B-splines of order p forming a basis for S p,πn , [z 0 , . . . , z p ]h is the pth divided difference based on the points z 0 , . . . , z p , 1 ≤ l ≤ p; the sets {τ i1 , . . . , τ il ; i = 1, . . . , n} can be chosen in a suitable way and the α ij , defined below, are such that Q n g = g for all g ∈ P l [6] . We assume that τ ij = τ ik for j = k, so that the divided differences involve only function values. Under this assumption, Q n f can be expressed by [1] 
where
We consider now the following quantities [6] :
We are interested in the different classes of QI points
where, for any g ∈ C(I), ω(g; ∆; I) := max
and where
bounds for |E n rs (x)| are given in [6, Theorems 5.2 and 5.3]. Using these bounds, one can prove that (6) holds if we choose the τ ij as the following set :
This choice is suggested in [6] and used in [1, 2] . A second choice, suggested in [4] , is
For both sets T 1 and T 2 it is proved in [4] that (6), with r = 0, holds for an arbitrary sequence of spline spaces {S p,πn }, while, if 0 < r < s, the sequence of spline spaces has to be LU in order that (6) holds.
The parameter sets T 1 and T 2 give great flexibility in the definition of the spline space S p,πn ; multiple knots can be used and, for r = 0, there is no restriction in the distance between distinct knots. However, to construct our approximation Q n f , we need up to n(l − 1) − p + 2 evaluations of f for T 1 , and nl for T 2 .
We can reduce the number of evaluations of f when d jN = 1, j = 1, . . . , N, by choosing the τ ij as one of the following sets:
in which case it makes sense to set l = p. The sets T 3 and T 4 are suggested in [3] ; the τ ij are chosen here to be a subset of the set of knots K i := {x in , . . . , x i+p,n } except near the endpoints where the knots are not all distinct, in which case the τ ij can be given by T 1 for i = 1, n, while for i = 2, . . . , p − 1 and i = n − p + 2, . . . , n − 1 the τ ij are chosen to include the distinct knots in K i augmented by some of the points τ 1j or τ nj as the case may be. A more symmetric set, suggested in [4] , is
and τ ij as in the definition of T 3 and T 4 for the remaining values of i.
For the sets T 3 − T 5 it is proved in [3, 4] that (6) holds if the sequence of spline spaces {S p,πn } is LU.
The number of function evaluations is n + p − 2 for T 3 , T 4 , and n + p + 1 for T 5 . In general, the sets T 3 − T 5 contain much fewer points, and hence it is more economical to use them. However, they require that all interior knots in the spline be simple, whereas using T 1 or T 2 , we can place multiple knots anywhere we wish.
In order to achieve both the flexibility of T 1 and T 2 in the choice of the spline space and the economy of computation of T 3 − T 5 , we suggest the following set of parameters:
where, for all real x, [x] denotes the greatest integer less than or equal to x,
and
. . , n, is the ith Schoenberg point. Near the endpoints, for i = 1, n, the τ iν with ν = 2, . . . , l are the Schoenberg points, respectively to the right of ζ 1 if i = 1 and to the left of ζ n if i = n.
. . , n − 1), the τ iν are defined as in T 6 for ν = 1, . . . , j with j such that τ ij = ζ 1 (τ ij = ζ n ), whereas for ν = j + 1, . . . , l, the τ iν are respectively the Schoenberg points to the right of τ i,j−1 (to the left of τ i,j−1 ).
For l = 2 the choice T 6 leads to the Schoenberg variation-diminishing spline since, when τ i1 = ζ i , then α i2 = 0, i = 1, . . . , n (see [6] ).
Using T 6 to determine Q n f , we need only n evaluations of f . Moreover, we can place multiple knots anywhere in [a, b] .
In §2 we will prove that (6) holds if the sequence of spline spaces {S p,πn } is LU. Moreover, we will give a uniform bound for the derivatives D r Q n f , with s ≤ r < p. In order to achieve this result, we will modify slightly the error estimates proved in [6] , since the set of parameters T 6 does not satisfy the conditions (7) . In §3 we will apply sequences of splines {Q n f } based on T 6 to problems in numerical integration, including product quadrature of Riemann integrable functions and Cauchy principal value (CPV) integrals. We will also give some numerical examples.
Error bounds for QI splines based on Schoenberg points
In this section we give an estimate for |E rs (x)|, defined by (5), with Q n f defined by (1) with parameters T 6 . We base our procedure on the results of [6] . To simplify the notation in this section and in the next, we denote the knots by x i instead of x in .
First we need the following result proved in [6, Lemma 4.1].
Lemma 1.
Suppose Q n is defined on a class of functions containing P l , and suppose Q n reproduces P l . Then, for any polynomial g ∈ P s and any f such that We define now, for f ∈ C s−1 (I m ),
is the Taylor expansion of f at t, then R(x) and its first s − 1 derivatives are 0 at t. Hence, to give a bound for E n rs (t), it is only necessary to estimate D r Q n R(t) [6] . By [6, Lemma 4 .3], and since τ i1 := ζ i for all i, the coefficients α ij in (1) can be defined by (15)
where the sum is taken over all choices of distinct ν 1 , . . . , ν j−1 from i+1, . . . , i+p−1. This is a sum of (
since all other terms in the sum (1) are zero, and
From Lemma 1, R(x) defined as in (14) satisfies
To give a bound for |E 
where, for j = p − r, . . . , p − 1, we define δ imj as the minimum of x ν+j − x ν over ν such that x i ≤ x ν ≤ x < x ν+j ≤ x i+p , and where
.
By using (15) and (16) 
We need to introduce parameters describing the spacings of the τ ij and the knots. For each integer 1 ≤ ν ≤ l − 1 let
where {τ
ij } is the increasing rearrangement of {τ i1 , . . . , τ ij }. We set σ is := min 1≤j≤l σ ijs .
We define
so that the norm of Π n has the form
and we defineH
Moreover, we set
The following lemma provides a bound for |λ ij R|, when R is defined as in (14).
Proof. The proof is the same as in [6, Lemma 5.1] if one takes in account that, for any x ∈ I m and t ∈ J m , we have
Now, we can state the following theorem, which provides a local error estimate.
where (20)
Proof. We sketch the proof, which is similar to the proof in [6, Theorem 5.2].
Since η ij ∈ I ij ⊂ I m , by (11), (12) and (13) we have
Since both x νµ and τ iµ belong to I ij , then, from (8), (9) and (10),
holds.
By (17), (18), (22) and (23) we can write (24)
Formulas (19), (20) and (21) follow from (24).
We now state the following corollary: 
Assuming that τ
Inserting (26) and (27) in (21) and recalling σ is ≥ σ i1 , we get
Moreover, by using local uniformity, we have
and, since δ m,p−r ≥ δ m ,
Inserting (28) and (29) in (20), we obtain the error bound (25).
Note that, from Lemma 2, whenever we write that a result is true for t ∈ J m , then it is true for all relevant r and s if t ∈ (x m , x m+1 ). When r = 0, it is true for all relevant s if t ∈ [x m , x m+1 ].
and assume that Q n f satisfies the hypothesis of Corollary 5. Then, for 0 ≤ r < s, the uniform bound (6) holds with C r = C r , and for s ≤ r < p
Proof. From Corollary 5 our assertion follows immediately since for all m and ñ
Finally we state the following lemma: Proof. From (15), (21) and (28) it follows that
Application to numerical integration and computational results
Convergence results were already proved for product quadrature rules based on QI splines using parameters T 1 − T 5 in [1, [3] [4] [5] . These convergence results are both for bounded [1, 3, 4] and unbounded integrands [4] . Pointwise and uniform convergence results are proved in [1, 3, 5] for sequences of CPV integrals of these splines. We apply these convergence results to the QI splines based on T 6 . The numerical results in Table 1 show that the partition L, with a multiple knot at the singular point of f (x), performs better when n becomes large.
For the test functions f (x) := x 4 −sign(x), where sign(x) := 1 if x > 0, sign(0) := 0, and sign(x) := −1 if x < 0, and for f (x) := x 4 +x|x|, we use the uniform partition U defined by (34) with simple interior knots. We compare in Tables 2 and 3 the absolute errors of the quadrature (31) based respectively on T 1 , with l = p, and T 6 for different p and n. We denote by R The numerical results of Tables 2 and 3 confirm that the approximations, based on the QI points T 6 (that need only n function evaluations ), have the same performance as the ones based on T 1 (that need up to n(p − 1) − p + 2 function evaluations).
